In the context of the braneworld, a spherically symmetric, static and nonhomogeneous stellar distribution with local and non-local bulk terms is studied. Using a toy solution, it is shown how the general relativistic limit could be lost while a solution is being generated on the brane. The source of this problem is clearly identified and solved by a general solution where a constraint can be identified. This constraint is physically interpreted as a necessary condition to regain general relativity, and a particular solution for it is used to find an exact analytical internal solution to no-uniform stellar distributions on the brane. It is shown that such an exact solution is possible due to the fact that bulk corrections to pressure, density and a metric component are a null source of anisotropic effects on the brane. A conjecture is proposed about the possibility of finding physically relevant exact solutions to non-uniform stellar distributions on the brane.
Introduction
The standard model and the general relativity represents the two great theories in fundamental physics. The success of general relativity is beyond any doubt, however due its inconsistency with quantum mechanics, it is not possible to ensure that this theory keeps its original structure at high energies.
Indeed it is expected that such structure will be modified and thus general relativity will emerge as the low energy limit of a more general theory not yet discovered. In spite of an enormous effort, it has not been possible to construct an unified theory which describes all fundamental interactions. To carry out this project, a consistent quantum theory to gravity must be constructed. Fortunately there is a theory which seems to lead to the expected quantum gravity.
The superstring/M-theory is considered one of the most promising candidate theories of quantum gravity. It describes gravity as a high dimensional interaction which becomes effectively four dimensional at low enough energies. This theory has inspired the construction of braneworld models, in which the standard model gauge fields are confined to our observable universe (the brane), while gravity propagates in all spatial dimensions (the bulk) [1] .
The implications of the braneworld theory on general relativity have been extensively investigated [2] - [12] (see also a review paper [13] and references therein), most of theme on cosmological scenarios [14] - [24] (see also [25] and references therein). The studies on astrophysics consequences [26] - [31] are limited, however it is well known that gravitational collapse could produce very high energies, where the braneworld corrections to general relativity would become significant [32] - [37] As is well known, it is extremely complicated to find exact interior solutions in general relativity [38] . Even for the simple case of a static perfect fluid, only very few reported exact solutions are of physical interest [39] . Hence it is not surprising that finding exact solutions in the context of braneworld, where new terms from the bulk have to be considered, becomes a very complicated process. In the pioneer work of Germany and Maartens [26] exact solutions for a uniform distribution were found, where it can be seen how much more difficult it would be to find a solution except for homogeneous stellar distributions.
To the best of our knowledge, there has not been reported any exact analytical solution to non-uniform stellar distributions in the context of the braneworld. In this paper an exact non-uniform density stellar solution on the brane is reported, and a conjecture is made which could help to find physically relevant inhomogeneous stellar solutions on braneworld, something that should lead to a better understanding of bulk effects on more realistic distributions, and eventually the role played by such effects during the gravitational collapse.
Any stellar solution on the brane must have the general relativistic solution as a limit. This statement is exploited in this paper to generate a constraint which helps to reduce the degrees of freedom for an inhomogeneous perfect fluid having local and non-local bulk terms on the brane. Using a toy solution, it is shown how the general relativistic limit could be easily lost when a solution is achieved on the brane. The source of this problem is clearly identified and a solution is given. This solution shows an explicit constraint emerging as a natural consequence of the general relativistic solution. Using the constraint thus generated, an exact analytical solution to no-uniform perfect fluid with bulk terms on the brane is found. It is shown that this exact solution can be obtained due to the null consequence of bulk corrections to pressure, density and a metric component (P , ρ and ν) to produce anisotropic effects on the brane. Guided by this, a conjecture on the possibility of generating physically relevant exact solutions to non-uniform stellar distributions on the brane will be made.
The field equations and matching conditions
The Einstein field equations on the brane may be written as a modification of the standard field equations [10]
where Λ is the cosmological constant on the brane. The energy-momentum tensor has new terms carrying bulk effects onto the brane:
here λ b is the brane tension. The new terms S µν and E µν are the high-energy corrections and KK corrections respectively, and are given by
being U the dark radiation and P µν and Q µ the anisotropic stress and energy flux respectively.
We consider a spherically symmetric static distribution. The line element is given in Schwarzschild-like coordinates by
where ν and λ are functions of r.
The metric (5) has to satisfy (1). In our case with Λ = 0 we have:
where f 1 ≡ df /dr and k 2 = 8π. The general relativity is regained when λ −1 → 0 and (9) becomes a lineal combination of (6)- (8) .
The Israel-Darmois matching conditions at the stellar surface Σ give (10) and the field equation (1) with
which leads to
This takes the final form
where f R ≡ f (r) | r=R . The equation (13) gives the general matching condition for any static spherical star on braneworld. When λ −1 b → 0 we obtain the well known matching condition P R = 0. In the particular case of the Schwarzschild exterior solution U + = P + = 0, the matching condition (13) becomes:
It is easily seen that the matching conditions do not have a unique solution on the brane [26] 3 Losing general relativity
In the case of an inhomogeneous static distribution with local and non-local bulk terms, we have an indefinite system of equations (6)-(9) whose solution must be determined with the add of additional information. The simplest way to find a solution is shown below.
From the field equations (7) and (8) we obtain 8π
with
Now using (16) in the field equation (6) we have
which formal solution is
Hence finding ν, ρ and P satisfying (9) we would be able to find λ, P and U by (20) , (15) and (16) respectively. Therefore finding a solution to the system (6)-(9), at least from the mathematical point of view, seems not very complicated. We will see that even from a pure mathematical point of view, to find a consistent solution is not easy at all. To address this we consider a simple solution to (9) showed below
where k > 0, A, B and C are constants. Although such a solution is not of physical interest, it will be useful in showing the problem which arises when the complete solution is found by this method. In this sense, (22) is considered to be just a toy solution.
Using (22) in (20) we should expect to find a solution given by
and then taking the 1 λ b → 0 limit the general relativity would be regained. Unfortunately this does not happen, thus the solution found by the simple way showed here is not even mathematically consistent, that is the solution evaluated at 1 λ b = 0 is not a solution to (6)-(8) at 1 λ b = 0. Hence the apparently simplest and straightforward way lead us to an inconsistent solution, so obviously there is something incorrect in the way we just used to obtain λ(r), therefore it is necessary to carry out a more careful analysis. This will be addressed in the next section.
Recovering the general relativity limit
In order to find the source of the "general relativity limit problem" found in the previous section, let us write the field equation (6) as usual in general relativity
whereρ
Thus we can see the high-energy effects of bulk gravity and nonlocal corrections from the bulk Weyl curvature. We can see that the "solution" (24) depends itself on λ(r) and λ 1 (r) through U (16)-(18), hence it represents an integral differential equation for λ(r). Now we can realize why the formal solution (20) cannot be written by the way showed in (23) . Such solution has mixed up general relativistic terms with bulk effects on the brane. In consequence finding how the general relativity limit problem originates becomes very complicated. To clarify this point let us rewrite the differential equation (19) by
here the left bracket has the standard general relativistic terms and the right one the high energy terms with bulk Weyl curvature contribution to the differential equation of λ(r). It is worth noticing that in the right bracket only high energy terms are manifestly bulk contributions, hence to keep bulk Weyl curvature contributions under control when the formal solution (20) is achieved is not at all easy.
We propose a solution to (26) which can be written in a way that allows to see clearly the effects of bulk contribution on the brane
where I is given once again by (21) and
The reader may check that (27) satisfies (26) .
It is easy to see by (6)-(8) that at λ −1 b = 0 we have
so the function H(r) vanishes when λ −1 b → 0 and thus it may be interpreted as a function which measures the anisotropic effects due to bulk consequences to P , ρ and ν. Since H(r) vanishes when λ −1 b → 0 the solution (27) seems having the well known general relativity limit:
However using our toy solution (22) we can see that H does not vanish. We should expect this to be due to the fact that this solution was built using only (9) , without any additional assumption. Hence we may learn that there is something else to be considered to find at least a mathematically consistent solution. In order to close the system (6)-(9), at least two conditions must be imposed. Thus we could use H = 0 as a convenient constraint which lets us make sure that λ(r) has the general relativistic solution as a limit.
In any case every solution found must satisfy the condition H → 0 when λ −1 b → 0. In that sense this limit could be thought of as a constraint itself which might be useful to close the system. However we cannot forget that the H contribution to λ(r) is under integration, therefore the constraint to be considered is
and it must be satisfied as a necessary condition to regain general relativity.
Since the constraint (32) is proportional to H(r), we may interpret this constraint as the continuous elimination of deformations produced on general relativity by anisotropic effects generated for bulk corrections to P , ρ and ν.
The method shown here leaves us with three unknowns ρ, P and ν satisfying (9) , and eventually the constraint (32) . However there is something which we might be concerned about. We can see that Eq. (9) does not have any manifestly bulk contribution. Thus it might be thought that the solution eventually found for P , ρ and ν would be the same as the general relativistic one. Hence there would not be any bulk contribution for these functions. Actually the fact that Eq. (9) does not have any manifestly bulk terms does not mean its solution does not either. Indeed the bulk contribution for P , ρ and ν will appear by means of matching conditions, where the assumption of vanishing pressure will be dropped [27] , [37] as will be shown in the next section.
A solution
We shall construct a simple mathematically consistent solution in order to clarify the method described in the previous section. First of all let us enforce the constraint H(r) = 0
on the brane to make sure we have a solution for the geometric function λ(r) with the correct limit. Of course (33) satisfies (32) and what it means is that eventual bulk corrections to P , ρ and ν will not produce anisotropic effects on the brane. Secondly, to evaluate (21) and eventually (27) , we need to consider a simple enough expression to ν(r). Accordingly we impose e ν = Ar 4 .
A simple but unique solution to (33) using (9) and (34) is given by
where A and B are constants to be determined by matching conditions.
Using (34) and (35) in (27) we obtain
where
and where R is the radius of the distribution. We see that the solution thus generated is not regular at the origin, caused by the imposed function (34) and the particular solution (35) , but not due to the method described here. Finally using (15) and (16) B .
The bulk contribution to P , ρ and ν can be found by matching conditions. For instance let us consider the Schwarzschild exterior solution
Considering the matching condition [ds 2 ] Σ = 0 at the stellar surface Σ we have
and using (14) we obtain
thus the bulk contribution to P , ρ and ν can be seen clearly through A(λ b ) and B(λ b ). Considering lineal terms in λ −1 b we have
Thus we obtain our solution at first order in 1/λ b , where the bulk effects on P , ρ and ν can be easily seen by
and
In this solution the horizon is at
which can be written at first order in λ −1 b as
showing that the Schwarzschild horizon on the brane is slightly smaller than the general relativistic one.
Conclusions
In the context of the astrophysics braneworld, a spherically symmetric, static and nonhomogeneous stellar distribution with Weyl stresses was studied. A simple method to find analytic solutions to Einstein's field equation on the brane was developed. During this process a very important feature of the indefinite system (6)-(9) was identified. When the simplest and straightforward way to solve field equations is used, the general relativistic solution is lost. The source of this problem was clearly identified, and a general solution for it was given through the equation (27) , which gives the geometric function λ(r) written on a way that allows to see clearly the bulk effects on the brane.
Keeping under control non-manifest bulk contributions when the solution for λ(r) is achieved on the brane, the loss of the general relativity limit was avoided and then a new constraint arose as a natural consequence of this method. A physical interpretation of this constraint was given as the necessary condition to regain general relativity. It was shown that this constraint can be used as a natural tool which helps to close the indefinite system (6)- (9) and therefore to investigate bulk consequences on the brane.
An exact analytical solution on the brane was constructed by a particular solution to the constraint (32) . This particular solution represents a new constraint defined on the brane, which was interpreted physically as the null consequence of bulk corrections to P , ρ and ν to produce anisotropic effects on the brane. Using the Schwarzschild exterior solution, an horizon on the brane slightly smaller than the general relativistic one was found.
As remarked earlier, it is well known that finding physically relevant exact solutions for a perfect fluid in general relativity is not at all easy. Due to local and non-local contributions from the bulk, the problem becomes even more complicated. The exact solution found in this paper was possible as a direct consequence of the constraint (33) , which essentially allows us to simplify the solution for the geometric function λ(r) by eliminating anisotropic effects on the brane, whose source are bulk corrections on pressure, density and the geometric function ν. Such constraint represents an enormous simplification which should be considered in searching physically relevant exact solution on braneworld. Guided by this, the following conjecture is made: When a spherically symmetric, static and nonhomogeneous stellar distribution in the context of the braneworld is considered, it is not possible to generate physically relevant exact analytical solutions on the brane, unless bulk corrections on pressure, density and the temporal metric component do not produce anisotropic consequences. This conjecture should help in the search of exact and physically relevant solutions when a nonhomogeneous distribution is considered. Hence the role played by the inhomogeneousness as a source of Weyl stresses in the interior could be studied. This is currently been investigated.
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